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We begin this survey with definitions. Let  be the open unit disc in the
complex plane C, and let A devote the locally convex linear topological
space of functions analytic in , with the topology of uniform convergence
on compact subsets of . Let B denote the set of functions  A such0
 Ž .  Ž .that  z  1 for all z  and  0  0. A function ,  A, is called
 Ž .   Ž .   Ž i . inner if  z  1 for all z  and    lim  re  1 forr1
 .almost all  0, 2 . Let f , F A. Then, f is said to be subordinate to
Ž .F f F if and only if there exists a function  B such that f F.0
Ž .For any function, F A, s F denotes the family of all functions subordi-
Ž .nate to F. In the case when F is univalent, f s F if and only if
Ž . Ž . Ž . Ž .f  	 F  and f 0  F 0 . We shall concern ourselves first with the set
Ž . Ž .Es F of extreme points of s F .
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1pIt is known that if F is univalent then FH for p and, conse-2
Ž . Ž i .quently, the radial limits F   lim F re exist for almost all r1
 
 p p13 . Furthermore, if f F and FH then fH , by Littlewood’s
 
 Ž .subordination theorem 13 . Hence, if F is univalent and f s F then
Ž . Ž i .f   lim f re exists almost everywhere on  andr1
   dist f  , F  1Ž . Ž . Ž . Ž .Ž .
Ž .can be defined, where  denotes the unit circle and F  denotes the
Ž . Ž .boundary of F  . We shall denote the set of boundary values f  
Ž i .  Ž .4lim f re by f  .r1
Ž . Ž .The set Es F of extreme points of s F , where F is univalent and
Ž . Ž .F  is convex, has not been determined in general. When F  is a
Ž .  Ž .   4  
half-plane then Es F  F xz : x  1 20 . It is known that in all other
Ž .cases where F  is convex,
F :  inner,  0  0 	 Es F 4Ž . Ž .
2
	 f s F : log   d 2Ž . Ž . Ž .H½ 5
0
Ž . Ž .  
with   defined by 1 20 .
Ž .For F  convex and not a half-plane it turns out that there are
Ž .precisely two cases where Es F is minimal, i.e., consists of compositions
Ž .with inner functions. This happens when F  is an infinite wedge or strip.
Ž .  
The characterization of Es F in those cases is due to Milcetich 32 and
 
Abu-Muhanna and MacGregor 1 . It was also conjectured in the latter
paper that in the case when a univalent function F maps  onto the
Ž .  Ž . 4interior of a convex polygon then Es F  F :  inner,  0  0 .
 
This conjecture was proven false by Gevirtz in 15 through the construc-
Ž .tion of two examples of extreme points of s F that are not compositions
of F with inner functions. His examples are given not just for convex
Ž .polygons, but in a more general setting, where F  is a convex set whose
 
boundary contains at least three extreme points. The first example in 15
Ž . Ž .is of an extreme point f with the boundary values f  inside F  for a
set of positive measure on . The second is a striking example of an
Ž . Ž .extreme point f with almost all boundary values f  inside F  .
Ž .Although Gevirtz’s constructions show that it is not necessary that f  
Ž . Ž . Ž .F  almost everywhere on  if f Es F when F  is not a
half-plane, a strip or a wedge, it is necessary, as shown by Tkaczynska-Hal-´
 
  Ž .4lenbeck in 37 , for the set of boundary values f  of each extreme point
Ž . Ž .f to contain F  in its closure whenever F  is an interior of a convex
Ž . Ž .polygon; i.e., F  	 f  if f Es F . This latter result does not 4Ž .
Ž .hold when F  contains an arc L that is not a straight line segment. In
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Ž .such a case it is sufficient that f   L on a set of positive measure for f
Ž .to be an extreme point of s F . In fact, it is sufficient that
2
log dist f  , L dŽ .Ž .H
0
Ž .  
 Ž .for f Es F 36 . The problem of characterizing the set Es F in the
case where F maps  onto the interior of a convex polygon remains open.
Ž . pWe now turn our attention back to 2 . A classical result from H
Ž . Ž . theory implies that when F  is a disc then Es f  f 
Ž . 2 Ž . 4  
s F : H log   d 20, 29 . This was generalized by Abu-0
 
 Ž .Muhanna and MacGregor 1 to include the case of convex F  when
Ž . 2F  can be parametrized by a C function and has positive curvature at
 
every point, and was slightly improved by Tkaczynska 36 to allow the´
curvature to be only piecewise positive. In the meantime, no example of F
Ž . Ž . for which Es F is strictly between the minimal case of Es F  F : 
Ž . 4 Ž .  Ž .inner,  0  0 and the maximal case of Es F  f  s F :
2 Ž . 4H log   d was known and a question as to whether this can0
happen at all was posed by Hallenbeck and MacGregor in their mono-
 
  
graph 20, p. 144 . It was answered affirmatively by Tkaczynska 36 who´
Ž . Ž .proved that if F  is a convex domain whose boundary F  contains a
Ž .  Ž . 2 Ž . 4line segment then Es F  f s F : H log   d . This result,0
 
combined with Gevirtz’s construction in 15 , demonstrates that if F A is
Ž .univalent and F  is a convex domain other than a half-plane, an infinite
Ž . Ž .strip, or a wedge and if F  contains a line segment then Es F is
Ž .strictly contained between the minimal and maximal sets exhibited in 2 .
 
 Ž . Ž .Tkaczynska also proved 36 that if f Es F then f   EF   , 4Ž .´
Ž .provided F is univalent and F  is convex.
Ž .The integral condition with   was also used to describe a property of
Ž . Ž .  
extreme points of s F with a continuous boundary function f  . In 37
Ž .Tkaczynska-Hallenbeck proved that, under this assumption, if f Es F ,´
Ž . Ž .with convex F  , then there exists a point e EF  such that for
Ž .  Ž . Ž .4every neighborhood N e of e and A    : f  N e , theNŽ e.
Ž .condition H log   d holds.A N Ž e.
The inclusion
2
Es F 	 f s F : log   d 3Ž . Ž . Ž . Ž .H½ 5
0
Ž .for a univalent function F, F A, with the assumption that F  is a
 
  
Jordan domain, was established in 20, proof of Theorem 8.25 . Also in 20
HALLENBECK AND HALLENBECK160
Hallenbeck and MacGregor proved that
2  4f s F : log   d 	 F :  EB 4Ž . Ž . Ž .H 0½ 5
0
for any univalent F, F A. The converse inclusion was proven by Hallen-
 
beck 23 who then established the equality
2  4f s F : log   d  F :  EB 5Ž . Ž . Ž .H 0½ 5
0
for any univalent analytic function F A. This provides a generalization
  2 Ž  Ž i t. .of the classical H result that EB   B : H log 1  e dt0 0 0
4  
 13, 29 .
We next consider the inclusion
 4Es F 	 F :  EB . 6Ž . Ž .0
Ž .Abu-Muhanna showed that 6 holds whenever F A is univalent, F	 is in
Ž .the Nevanlina class, and F  is a Jordan domain contained in a half-plane
 
 Ž .2 . He also conjectured that the only necessary assumptions for 6 to hold
Ž .are the analyticity and univalence of F. Hallenbeck proved 6 for F A
Ž .  
where F is univalent and F  is a Jordan domain 19 . Abu-Muhanna
 
 Ž .and Hallenbeck settled Abu-Muhanna’s conjecture in 8 by proving 6 for
Ž .any analytic univalent F. In view of this latter result and 5 , Hallenbeck
 
 Ž .noted 23 that 3 holds for any analytic univalent F as well. Recall that
Ž . Ž .the integral condition in 3 is not sufficient for f Es F in general. This
Ž .is the case for example whenever F  is a convex domain whose boundary
 
contains a line segment 36 .
Ž .The question of whether 6 is valid without the assumptions of the
univalence of F is interesting and open. However, in all the published
Ž .work to date on the subject the set Es F has been replaced by the set
Ž . Ž .E co s F of extreme points of the closed convex hull of s F , which in
Ž .general can be a proper subset of Es F . The first result in this direction
 
was due to Younis 40 who proved that if F is a polynomial then
 4E co s F 	 F :  EB . 7Ž . Ž .0
 
 Ž .In 40 he also proved that if 
 , n is a positive integer and F z 

z 
 nŽ . Ž .  4then E co s F  F  :  EB . Abu-Muhanna and Hallen-
 01 
 z
Ž .  
beck proved that 7 holds for any non-constant analytic function F 9 .
We next turn our attention to the problem of examining conditions
Ž .  
under which E co s F are minimal. It was proved in 17 by Hallenbeck
 Ž .   4 Ž .and MacGregor that F xz : x  1 	 E co s F whenever F A. This
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Ž .raises the general question of when E co s F is minimal, i.e., under what
conditions is it the case that
 E co s F  F xz : x  1 . 8 4Ž . Ž . Ž .
1 zŽ . Ž .The Herglotz representation formula implies 8 for F z  . Brannan1 z
1 cz 
Ž . Ž . Ž .    
et al. proved 8 for F z  , c  1, c1, 
 1 10 . Sheil-1 z
1 zŽ . Ž . Ž .Small proved 8 for F z H , where H is a univalent quadratic1 z
1 z 
  
 Ž . Ž . Ž .polynomial in Re w 0 35 , and Feng 14 proved 8 for F z  exp .1 z
 
The next major step forward was provided by Abu-Muhanna 6 who
Ž .showed that 8 holds in the cases when F is analytic and univalent on ,
Ž .the complement of F  is a convex set with nonempty interior, and
Ž .F  satisfies a smoothness condition at . The smoothness condition
 
 Ž .was subsequently removed by Hallenbeck et al. 24 , thus establishing 8
Ž .for univalent F A with the complement of F  convex. The case where
Ž . Ž .  
C  F  is a ray also falls under 8 , as established earlier in 10, 11 .
 
 Ž .In view of the KreinMilman theorem 20, p. 44 , 8 implies
co s F  F xz d x :  is a probability measure on  . 9Ž . Ž . Ž . Ž .H½ 5
 x 1
Hallenbeck et al. defined and studied the class R of functions in A for
Ž .  
whom 9 holds in 24 where they proved that the class R is closed in A. It
was this fact that allowed them to remove the assumption of smoothness at
 
  
 found in Abu-Muhanna’s main result in 6 mentioned earlier. In 24 the
authors posed several conjectures all of which are still open. The most
Ž .sweeping conjecture was that the convexity of C  F  is a necessary
Ž .condition for 9 to hold in the case when F is univalent and analytic in .
 
 1Abu-Muhanna 3 proved that if FH then we have
 4F :  B ,  inner 	 E co s F 10Ž . Ž .0
Ž .and, consequently, F R. The inclusion 10 was previously known for
p  
FH with p 1 18 .
 
The result of Abu-Muhanna found in 6 was further extended in the
 
joint paper with Hallenbeck 9 . They proved that if F A, F is univalent,
Ž . Ž . nF z  0, and C  F  is convex then F  R for all n. As a
corollary, they proved that exp F R, and extended the result of Feng
 
 Ž .mentioned earlier 14 to the functions of the form F z 
Ž .1  1  2
 z Ž .  .  
exp , 
 0, 1 ,  1, 2 . Another extension of the result of1 z
 
  
Abu-Muhanna 6 is due to Kim 30 who proved that if f is a Riemann
Ž .map onto an L-domain then exp f R. Let A Log z : Re z 1 . An
A-type set is a set of the form A c for some c C. A connected open
 
set on C is called an L-domain if it is the union of A-type sets. Kim 30
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Ž .observed that if F is univalent and C  F  is convex, then log F is
Ž .univalent and log F  is an L-domain, and hence by his theorem,
Ž .  
F exp log F  R. He thus obtained the results of Feng 14 , Abu
 
  
Muhanna 6 , and Hallenbeck et al. 24 as corollaries. He was also able to
 
 Ž .prove the conjecture of Abu-Muhanna 6 that 8 holds when F is the
universal covering map from  onto a domain where complement is
bounded and convex. We finish this discussion of extreme points by noting
that the problem of characterizing the class R remains open.
We next turn our attention from extreme points to support points. By a
continuous, linear functional on A, we mean a complex-valued functional
defined on A that is continuous and linear. A function f is called a
support point of a compact subset F of A if f F and if there is a
Ž .  Ž .continuous linear functional J on A so that Re J f max Re J g : g
4F and Re J is not constant on F. The set of support points of F is
denoted by supp F. The set supp B was proved to consist of all finite0
 
Blaschke products in B by Cochrane and MacGregor 12 and Hallenbeck0
 
  
and MacGregor 18 . If F A then in 17 the authors proved that
 F xz : x  1 	 supp s F . 11 4Ž . Ž . Ž .
 
If F A and is non-constant, Abu-Muhanna 3 proved that
 4supp s F 	 F :  supp B . 12Ž . Ž .0
This had been proven earlier by Hallenbeck and MacGregor under the
Ž .  
additional assumption that F	 z  0 for all z  18 . Abu-Muhanna in
 
the same paper 3 proved that if F is analytic in  then
 4supp s F  F :  supp B . 13Ž . Ž .0
Ž . Ž .Note that 11 and 12 give respectively the minimal and maximal sets for
Ž .  
 Ž .supp s F . In 3 the author conjectured that supp s F is maximal, i.e.,
Ž . 13 holds, whenever F is an H function. This conjecture was proved
 
  
recently by Hallenbeck 28 . Hallenbeck and MacGregor proved in 18
Ž .that 13 holds for each F K where K denotes the class of normalized
Ž . Ž .univalent convex mappings on  with F 0  F	 0  1 0. This result
 
 Ž .was recently generalized by Hallenbeck 28 who proved that 13 holds
whenever F is in the closed convex hull of a function subordinate to a
fixed function in K. We conclude this discussion of support points of
Ž .  
families of the form s F by noting that recently Xie and Zhang 38 have
Ž . Ž . pproved that supp s F is maximal; i.e., 13 holds whenever FH ,
Ž .1 p , and F	 0  0.
We next consider support points for subordination families of the form
Ž .  4s F  f : f g for some g F where F is a compact subset of A. It is
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 
 Ž .known 20, p. 64 that if F is a compact subset of A then s F is a
Ž . Ž . Ž .compact subset of A. The sets co s F , E co s F , and supp co s F have
been determined for a number of families F. Suppose J is a continuous
Ž . Ž . Ž .linear functional of the form J f  af 0  bf 	 0 where f A, a, b C,
Ž . Ž .and b 0. If F is a compact subset of A such that f 0  0 and f 	 0  1
whenever f F, then it is an easy consequence of Schwarz’s lemma that
  Ž .there is a unique x with x  1 such that for any f F, f xz is a support
Ž .point of s F associated with J. We say that functionals of this form are
trivial for subordination families. Let K , S*, C, and S denote the compact
families of analytic functions that are, respectively, convex, starlike, close-
Ž . Ž .to-convex, and univalent and are normalized by f 0  0 f 	 0  1. The
Ž . Ž .  
sets E co s K and E co s S* were determined in 17 . It was also proved
 
in 17 that
w x xŽ . 2z z
2      E co s C 	 w : x  y  w  1, x y .Ž . 21 xwzŽ . 0 
 
Hallenbeck and MacGregor continued this study in 18 and determined
Ž . Ž .  
the sets supp s K and supp s S* . In 5 Abu-Muhanna and Hallenbeck
proved that
x xŽ .
2 z w z
2      supp s C 	 w : x  y  w  1, x y .Ž . 21 xwz Ž .
Ž . Ž .The precise determination of the sets E co s C and supp s C remains
Ž .open. It should be noted that the set supp s K was remarkably diverse
 4 Ž .and equaled G : G K ,  supp B . In the case of supp s S* it0
Ž .was proved that this set coincided with E co s S* . Hallenbeck and
 
 Ž . Ž .Tkaczynska 25 determined the sets E co F and supp s F when F was´
one of the sets K , S , or C which are respectively the p-valent convex,p p p
Ž . pstarlike, and close-to-convex functions in  normalized by f z  z   .
Ž . pFor families normalized so that f z  z   continuous linear func-
Ž . p Žn.Ž .tionals J of the form J g Ý b g 0 n! when b  C are trivial inn0 n n
 
the sense mentioned above. In 25 , the authors proved that for nontrivial
Ž . Ž .functionals supp s K  E co s K for all p 2. This contrasts with thep p
xzŽ .      4  
situation when p 1 where E co s K  : x  y  1 17 and asp 1 yz
Ž .  4mentioned above supp s K  G : G K ,  supp B . We alsop 0
 
note that Mishra and Nanda 33 studied similar families of multivalent
Ž .functions. If we let S* 
 for 
 1 denote the starlike functions of order
HALLENBECK AND HALLENBECK164
1Ž Ž ..
 then the sets co s S* 
 for 
 0 and 
 were determined by2
1 
Hallenbeck 16 . The case 0 
 remained open for years but was2
 
settled by Perera and Wilken 34 . They proved, combining the earlier
1results mentioned above, that for 
 ,2
xz
   E co s S* 
  : x  y  1 . 14Ž . Ž .Ž . Ž .2 1
½ 51 yzŽ .
Ž .Additionally, if J is a nontrivial in the sense described above continuous
linear functional then the support points associated with J have the form
Ž .given on the right hand side of 14 . Suppose J is continuous linear
Ž . Ž . Ž .functional in A which does not have the form J f  af 0  bf 	 0 a, b
 
C, b 0. Abu-Muhanna and Hallenbeck 5 proved that for any compact
Ž . family F	 A satisfying S*	 F	 S then supp s F, J 	 F : F
4 Ž .supp F,  supp B where supp s F, J denotes the support points of0
Ž .  
s F associated with J. This result was generalized by Younis 39 .
 
  Ž .In 24 the authors defined the class R  f  A : supp s f 
 Ž .   44 Ž .  Ž . Ž .4f xz : x  1 . Since co s f  co supp s f  E co s f we have R 	
 
R. Since R is closed 24 it follows that R 	 R. Hallenbeck et al.
 
conjectured 24 that R  R. This conjecture remains open. It was also
 
  4conjectured in 24 that R  R  univalent half-plane mappings . Addi-
tionally they proved that the validity of this last conjecture implied R  R.
 
Various results found in 21; 24, Theorem 5; 27, Theorems 1, 4, 5 support
the idea that any function in R with ‘‘large regular’’ growth must be in R .
In this direction, i.e., what conditions on f R imply f R , Hallenbeck
 
 Ž Ž . Ž .. Ž .27 proved that if F is a univalent function in R and F z  F 0 F	 0
 
has positive Hayman index, then F R . It was also proved in 27 that if
Ž . Ž . Ž .
 Ž   .  Ž . F R and F z G z  z x x  1 where G A, G z 0 0
Ž Ž .
 .0 1 1 r , and
lim
zz0  G z  L 0,Ž .
nontangentially
where 0  
 and 
 1 then F R .
A number of results about extreme points, support points, and subordi-
nation are not included in this survey, especially those published before
 
1984. We note that 22 is an earlier survey article of this area. Addition-
 
ally 20 contains a very complete list of references for the period prior to
1984.
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